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1 Introduction

This report contains a summary of the mathematical framework used in pQL, an extended

version of MICROQL (Westall 1979Westall 1986).




2  Symbols

All symbols correspond to the ones used in [Westall (1979) and [Westall (1986) except the symbol
for the solid concentration (here: g, Westall: a) and the symbols used for features specific to

QL.

2.1 Scalars
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description

free activity of species 4

number of components with fixed, i.e., known, free activity
number of solid phases

ionic strength

stability constant of species i

solubility product of solid phase g

number of components

number of species

normalised sensitivity coefficient of species i with respect to equilibrium constant «
stability constant of species i calculated from K; using the Davies-Equation
stochiometric coefficient of component j in solid phase g

total analytical concentration of component j

number of components with unknown free activity (U = M — F)
value used to check convergence

free activity of of component j

residual in material balance equation of component j

index for any equilibrium constant (— Pj,,)

factor a in Davies-Equation

stochiometric coefficient of component j in species 4

factor b in Davies-Equation

index for any solid phase (oversaturation calculation)

index for any species

indices for any component

partial derivative 9Y;/0Xy, i.e., an element of the Jacobian

2.2 Vectors and matrices

vector/matrix description

A
C
Cc*
K
K*
L

Lp

NNX<ZTH®

matrix of a;;

vector of Cj

vector of log C;

vector of K;

vector of log K;

matrix for the transformation of an old set of compo-
nents (columns) to a new set of components (rows)
vector of Lp,

matrix of Sy

vector of T}

vector of W;

vector of X

vector of log X

vector of Y}

Jacobian of Y with respect to X (matrix of z;x)

2.3 Surface complexation models

The following lists correspond to Tables 3.2 to 3.5 in[Westall (1979). Note that the names given
in the column “Variable” correspond to the variables used in the programs. The symbols given



in the column “Explana

tion” are used in the formulae in this report.

2.3.1 Fundamental constants

variable symbol or formula description value units
€ dielectric constant of water 82
€0 permittivity of vacuum 88510712 (C2m-1J-!
R gas constant 8.314 J mol=! K—!
T temperature 298.15 K
B1 Ny Avogardo’s constant 6.022 1022 mol !
B2 (8ecoRT)'/? 0.1174 Cm~2 (mol L—1)1/2
B3 F/(2RT) 19.46 V-1
B4 RT/F 0.0256 \Y
B5 In10RT/F 0.05916 A%
B6 F Faraday 96487 C mol ™!
2.3.2 Adjustable parameters
variable symbol description units
C1 Ng surface site density sites m—2
C2 S specific surface area m? g1
C3 q concentration of solid g L™!
(a Westall (1979))
C4 1 ionic strength
C5 Cy capacitance (inner) Fm2
C6 Cs capacitance (outer) Fm—2
2.3.3 Computed electrostatic quantities
variable symbol definition units
DO Uy surface potential A%
D1 U, surface potential \%
D2 U, surface potential \%
D3 s (8¢coRT)'/2 sinh(FV /(2RT)) Cm™2
charge computed by Poisson-Boltzman
for a monovalent electrolyte.
D4 sq/F m? C~! mol L1

conversion factor from electrostatic
quantities ([o] = Cm™?) to concentra-
tion ([T,] = molLfl): T, =0sq/F

2.3.4 Surface component identification

variable identifies

LO \I/Q, ao
L1 \1/1, g1
L2 \1/2, g9
L3 SOH

3 Solution sp

description

surface potential, charge
surface potential, charge
surface potential, charge
surface component

eciation

A modified Newton-Raphson algorithm (no negative free activities are allowed) is used to solve
the system of the U mass-balance equations, which are generally non-linear, by optimising the

free activities X; of the

components.

The residual Y; is calculated by

)/j:T_]CélIC_T]J:lU

(1)



Using

N
Tj,calc = ZaijCi j =1...M (2)
i=1
Equation [ can be written as
N
}/}‘:Zaijci—Tjj:]....M (3)
i=1
or, in matrix notation
Y ='AC-T (4)

where *A is the transpose of matrix A. The problem is solved when Y = 0.
The concentrations of the species, C;, are calculated by

M
Ci=K][x5¢ i=1..N (5)

Jj=1

Taking the logarithm of Equation [l yields

M
logCizlogKi—i-Zaijlong i=1...N (6)
j=1
or, in matrix notation,
C*=K"+ AX* (7)

The derivatives z;; = 0Y;/0X}, needed in the Newton-Raphson algorithm can be calculated
from Equation B

N

ay; oC; oT; —
a—Xk_;a”an > Gk=1...U (8)
Since 7} is constant:
oT;
From Equation Bl we obtain
oC; C;
an = Cl,lkX—k (10)

Substituting Equations @ and [0 in Equation [ yields

N
9Y; aijaiCi ,
ik = = k=1... 11
Zjk 8Xk ; Xk 7 U ( )

The set of equations to be solved can be expressed in matrix notation as
ZAX =Y (12)
where

AX = Xoriginal - Ximproved (13)



If Ximproved < 0, then it is calculated according to

Xori ina
Ximproved = Coriginal (14)
f
where f is an empirical constant (e.g. 10).
Convergence is reached when
o Y1 o
W; = <e forall j;j=1...U (15)

N
> im1 laiiCil + |15

4l is a small number, e.g. 1.F — 6.

4 Transformation of components

It is sometimes easier to transform a set of “old” components to a set of “new” components
by specifying a transformation matrix L than to formulate a new MICROQL problem. The
transformations of the vectors T', X*, and K* and the matrix A are given by

Tnew = tL_lTold (16)
X;ew = LX;ld (17)
Klew = old (18)
Anew = 1401dLi1 (19)

where L1 is the inverse of the transformation matrix L.

5 Davies-Equation (model 1)

Equilibrium constants adjusted for ionic strength, @Q;, are calculated using the Davies-Equation
(Baes & Mesmer 1976):

VI
log@; =log K; + a——= + bl 20
2@ g s (20)

6 Surface complexation models

This section describes the modifications necessary to compute adsorption of chemical species on
charged surfaces. It is based on the report published by Westall (1979).
Consider the proton transfer reactions at an amphoteric surface

SOH +H*
SOH — H*

SOH;
SO~

—\
~
—\
~

where SOH represents a surface hydroxyl group. Since the surface may be at a potential ¥ with
respect to the bulk of the solution, the coulombic energy of charged surface groups, zF'¥, must
be accounted for in the mass action equations for the two reactions:

[SOH|[H|e F¥/ET K, = [SOHJ]
[SOHJ[H*] "' (e F¥/FT)"' K = [SO7]
It is apparent that that the electrostatic potential term, exp(—F¥/RT), in these equations

appears in the same form as the chemical concentration. This suggests that it is be appropriate
to include the electrostatic potential in the set of components.

Isymbol-clash: not the same as the dielectric constant of water



The charge on the surface can be defined as the excess of positive groups over negative groups
T, = [SOHJ ] — [SO7] [mol L1 (21)

or, in electrostatic quantities

F
=T,— Cm™? 22
o=Tre  [Cm7? (22)
In addition, the charge may be defined from an electrostatic relationship (e.g. a Helmholtz
constant capacitance):

c=C¥ [Cm? (23)

The “total concentration” or charge of the surface is, in the case of the constant capacitance
model, given by the independent electrostatic charge-potential relationship of Equation In
molar quantities, this is

T, = O'F C\I/ [mol L] (24)

w9

The subscript “o” or “¥” is used to denote the electrostatic components (e.g. T, Xy). Since
T, is not experimentally determined, but a function of the potential, the derivative of T, with
respect to Xg is not zero and must be attached to the expression given by Equation [1] for a
Jacobian element:

a; az C; 8Tg
2wy = 5 Z T Xy (25)

o, —C’ﬂ RT
Xy F FXy

Equation 26 has been derived using

T,  OT, d¥
Xy OV dXy

(27)

The convergence criteria have to be changed for some of the electrostatic models. In the
following sections, all electrostatic models implemented in pQL are summarised. The symbol
> gy (with indices where necessary) denotes the sum in the Jacobian element zgy (Equation
[[1). If only one electrostatic component is used, no indices (for C, ¥, and o) are used.

6.1 Constant capacitance model (model 2)

Total concentrations:

Nssq

TSOH = NA (28)
sq
T. = 1/ 2
> Cv— (29)
Jacobian:
RT sq
AR %—FCFX‘II f (30)

Convergence test:

no change necessary



6.2 Diffuse layer model (model 3)

Total concentrations:

Ngsq
T = 31
SOH N (31)

T, = +/S8eeqRTIsinh ( ;2?) x4 (32)

Jacobian:

5q
= VA T1 cosh
Zpy = Z—i— 8eeoRT I cos <2RT) Xy (33)
Convergence test:
no change necessary
6.3 Basic Stern layer model (model 4)
Total concentrations:
Ngsq
T = — 4
on = = (34)
54
T,, = C(¥g— \Ill)f (35)
sq v 5q
Tal = C(\Ifl — \I/Q) F 8€€0RTIblnh <2RT> (36)
Jacobian:
RT s
200, = Z +CFX %4 (37)
VoW vy I
RT sq
20w, = Z CFX fa (38)
Dol Al
RT sq
2U, v, = Z —CFX f (39)
N o
_ Fy, RT sq
20,0, = q,ZI; {C-i— 2RTV8660RTIcosh <2RT>] FXe T (40)
1¥1
Convergence testfl
\Z
o1 Yo, <e€ (41)

S laiiCil + |Too| + |0l

where o4 is the diffuse layer charge given by

Yy
= /8egRT'I sinh <2RT> (42)

2This formula is taken from[Westall (1979). However, in the source code (MIC7.BAS, 2/7/87) the denominator
is set to ABS(-T[L0])+ABS(D3*D4). In uQL, the same denominator is used.




6.4 Triple layer model (model 5)

Total concentrations:

Ngsq

T = 43
SOH Na (43)
5q
T,, = Ci(¥g— \III)F (44)
s
T = [C1(¥1 = Wo) + Co(Wy — W2)] 2 (45)
s
T,, = Cy(¥y— fol)Fq (46)
Jacobian:
RT sq
22Uy, = Z +Clmf (47)
YoWo
RT sq
e = D ~Cipx-p (45)
WoWq
RT sq
Z‘I’l‘ljo - Z _Cl FX\II[) F (49)
VRV
RT sq
2w, = Y, +(Ci+ CQ)FX% = (50)
\VERVSY
RT sq
_ 5q 51
Z‘I’quQ 02 FX\I/2 F ( )
RT sq
L 59 2
Z‘Ij2‘ljl CQFX\Ill F (5 )
F FU, RT sq
= _ h —
20,0, {Cg + 2RTV8660RTICOS <2RT)] X, F (53)
2o, = 0 (54)
AV 2N =0 (55)
(56)
Convergence testd
|0 %] — 170
o9 ———— <€ (57)
|Tos|
where o4 is given by Equation [42]
7 Normalised sensitivity coefficients
7.1 General
The normalised sensitivity coefficientdd are defined in [Furrer et al. (1989) as
dln CIL' .
o = =1...N 58
o= L (59)

3This formula is taken from|Westall (1979)). However, in the source code (MIC8.BAS, 2/7/87) the denominator
is set to ABS(T[L2])+ABS(D3*D4). In pQL, the same denominator is used.
4In uQL, the calculation of normalised sensitivity coefficients is implemented for models 0, 1, and 2.



They can be interpreted for practical purposes in the following way: a one percent change in the
equilibrium constant « will cause a P;, percent change in in the concentration of species i. This
interpretation is based on a finite-difference approximation to the derivatives in Equation

dinC;  dC; K, _ AG; K,

“TdlnK, dK,C; AK, C; (59)
Using the chain rule, dC;/dK, can be expressed as
dC; K 9C; 0X; . 9C, (60)
dKo = 0X;0Ka = 0K
Note that the summation runs from j =1 to j = U since Xy is fixed (i.e. constant).
From Equation [{ we obtain
oC; Ci
= = 1
K.~ K. 1=« (61)
and
oC;
= 2
K. 0 i#a (62)
0C;/0X; has already been derived (Equation [I0).
0X; /0K, can be found by applying the chain rule to dY;/dK,:
9Y; 0Xy an
63
Z 00Xy, 0K, 8Ka (63)
Now,
ay;
=0 64
aK. (64)
because Y = 0 when the pQL-problem is solved. Therefore,
0Y; 0X 8Y'
Z b ) (65)

00X, 0K, 0K,

0Y;/0X}, corresponds to the elements of the Jacobi matrix, zji, derived above. 0Y;/0K, can
be calculated using Equations[3 and [l to yield
0Y; Ca

oK, "E, (66)

This means that for every equilibrium constant «, there is a set of U equations with the unknowns
0X /0K, to be solved. In matrix notation, this is

=’ (67)
where
Xj = 0% (68)
and
aY;
. 9Y;
Cj oK., (69)



7.2 Constant capacitance model

In the constant capacitance model, all of the above remains valid. We can extend the computation
of the normalised sensitivity coefficients by including the sensitivity of the species with respect
to the total concentration of the surface component SOH

dln CZ‘

P; = — 70
SOH d In TSOH ( )
and with respect to the capacitance
dln Cl
Fie = Gme (71)

The procedure to obtain the derivatives necessary is analogous to the computations for the
equilibrium constants, in Equations [60 and [63] the variable K, has to be replaced by Tson and
C, respectively. 0C;/0Tson and 9C;/IC are always zero.

For the sensitivity coefficients with respect to Tsom, the elements of the vector C’ (Equation
[67) are calculated as follows

oY )
=1 = SOH 72
TToom j (72)
and
oY Na .
= \I/ =
TTeom C FNs j=« (73)
using Equations 28 and B9, and
oY
i _0  j#SOHj+40 (74)
ITson

For the sensitivity coefficients with respect to C, the elements of the vector C’ (Equation 1)
are calculated according to

y; T, o
ac-c 177 (75)
using Equation 29] and
oy,

8 Saturation ratio

The vector Z obtained by multiplying the matrix S by the (final) vector X* (E = SX*) can be
used to calculate the saturation ratio 2 with respect to the different solid phases. The saturation
ratio s for the solid s is defined by

_IAP,  10%
® 7 10Les  10Lps

(77)

where TAP; is the ion activity product (i.e. the product of the actual activities in the solution)
and Lps the solubility product (base 10 logarithm). If the solution is oversaturated, € > 1.
Note that the values of  are not identical for a solid represented by A,B; and As,Bagy, i.e. the
saturation ratio is not “normalised” (Stumm 1992).

10



9 Percentage distribution

The amount of component j in species ¢ (in % of the component’s total concentration) can be
calculated by

@400 j<uU (78)
T;
and
ai; Ci ,
100 > U (79)

J
These %-values can be used to determine whether a species is relevant in the system considered.

A species can be considered relevant if it contains more than e.g. 1 % of at least one component
(since the %-values can also be negative, the absolute value should be taken).
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